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Abstract. In the paper we present a new, uniform and comprehensive de- 
scription of centralizers of the maximal regular subgroups in compact simple 
Lie groups of all types and ranks. The centralizer is either a direct product of 
finite cyclic groups, a continuous group of rank 1, or a product, not necessarily 
direct, of a continuous group of rank 1 with a finite cyclic group. Explicit 
formulas for the action of such centralizers on irreducible representations of 
the simple Lie algebras are given. 



1. Introduction 

Let G be a connected simple Lie group with corresponding Lie algebra denoted 
by L. Let L' be a maximal regular semisimplc Lie subalgebra of L with correspond- 
ing subgroup G . The goal of this paper is to study the centralizer of G' in G and 
its action on the representations of the Lie algebra L. In general these centralizers 
are abelian subgroups of G. The first complete description of the continuous cen- 
tralizers, whenever they exist, was given by Borel and de Siebenthal [T|, while the 
cases of discrete centralizers were first described by Dynkin and Oniscik [2J. 

In this paper we reformulate the results of PQ and [5] in a more accessible manner, 
using tools which were not available to the original authors. The existence and 
structure of the centralizer is made immediately visible from a decoration of the 
extended Dynkin-Coxeter diagram. In addition we provide explicit formulas for the 
actions of these centralizers on the finite-dimensional irreducible representations of 
L and apply this information to the branching rules of L with respect to L' . We 
observe in particular that the centralizer of G' in G is either a direct product of 
finite cyclic groups (in the maximal regular semisimple case), a continuous group 
of rank 1 or a product, not necessarily direct, of a continuous group of rank 1 with 
a finite cyclic group (in the maximal regular reductive case). 

The eigenvalues of these operators serve to decompose the irreducible represen- 
tations of L into representations of L'. Projection matrices provided in [3J HI [5] 
transform the weights of an irreducible representation of L into weights of the 
representations of the subalgebra. We can include, as an additional label, the 
eigenvalue of the action of the centralizer vector that serves to decompose the ir- 
reducible representation of L into a direct sum of representations of L' . Note that 
the representation of L' corresponding to a fixed eigenvalue may not be irreducible. 

In physics the importance of the centralizers has been recognized for a long time. 
One of the best known examples occurs in the case SU(3) D SU(2) x U\. Here 
the centralizer is a continuous 1-parametric subgroup denoted U\. The existence, 
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structure and application of the centralizers in specific representations is not as 
well known. As two of the lowest examples one can point out the cyclic groups Z 2 
and Z 3 in Sp(2) D SU(2) x SU(2) x Z 2 and G 2 D SU{3) x Z 3 respectively. One 
of the consequences of the presence of a centralizer Z„ is that it splits irreducible 
representations of the subalgebra/subgroup into n equivalence classes. Undoubtedly 
such classes would hnd a physical interpretation in some cases. We call them relative 
congruence classes in this paper. 

Discrete centralizers of maximal regular semisimple subalgebras are found in all 
simple Lie algebras except A n (1 < n < 00). In all cases they are formed as a 
product of up to three cyclic groups. Continuous centralizers of maximal regular 
reductive subalgebras appear in all simple Lie algebras, except in G2, F4, and E$. 

Note that we use Dynkin notations and numberings for roots, weights and dia- 
grams. 

2. The center of G 

We start by reviewing the well-known results concerning the center of the simple 
Lie groups. We use the standard notation to identify the simple Lie groups G 
and their corresponding simple Lie algebras, namely there are four infinite classes 
denoted A n (n > 1), B n (n > 2), C n (n > 2) and D n (n > 4) as well as five 
exceptional groups/algebras denoted by E 6 , £7, E$, F4 and Gi. The structure 
and properties of these Lie groups and their corresponding Lie algebras is encoded 
in their so-called decorated extended Dynkin diagrams (see Figure [IJ . The node 
in these diagrams labelled by denotes a>o, the negative of the highest root of 
the algebra. The remaining nodes represent the simple roots {cci, . . . , a n } of the 
algebra. The mark mk on the simple root for k = 1, . . . , n denotes the coefficient 
of ctfc in the expansion of the highest root — c*a in terms of the simple roots a, (see 
Figured]). The mark on ao, by convention, is 1. Note that the algebras B2 and C 2 
are homomorphic, and the extended Dynkin diagram of B2 is the same as the one 
of C 2 , with the only difference being in the numbering of the nodes : the roots cti 
and a 2 are interchanged. 

From [6] we know that the conjugacy classes of elements of finite order in G of 
rank n are specified in a bijective fashion by the set of all (n+l)-tuples of relatively 
prime non-negative integers. To each such (n+l)-tuple [sq, s\, . . . , s n ] with Si € Z>o 
we associate the point X in the fundamental region of G given by 

X = — ui-i + • • • H u! r , 

M M 

where M = sq + Y^i=i m i s i ancl the uj^s denote the fundamental weights of the 
algebra. The order of the element of G corresponding to such an X is M. 

The elements of the center Z(G) of the simple Lie group G are in one-to-one 
correspondence with the nodes of the corresponding extended diagram that carry 
marks equal to 1. They are in fact associated with the corners of the fundamental 
region of G. The extension node, which always has its mark equal to 1, refers to 
the identity element of G. Explicitly, if {cj, |i = 1, . . . , n} denotes the basis of the 
Cartan subalgebra H. of L which is dual to the base of simple roots {c^ \i = 1, . . . , n} 
of W in the sense that a.i(Cjj) — Sij, then the elements of the center of G consist 
of all elements e 2 ™ Wfc where has mark = 1. In Table 03 for each simple Lie 
group admitting a non-trivial center, we list for reference the group structure as 
well as a generator of the center. 
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For any irreducible representation of the group G the central elements act as 
multiples of the identity. The collection of all finite-dimensional irreducible repre- 
sentations can then be partitioned according to the action of the central elements. 
Each equivalence class of irreducible representations with respect to this equivalence 
is called a congruence class. The concept of congruence classes has application in 
the decomposition of representations such as tensor products of irreducible repre- 
sentations, see for example [7]. 

Let us consider an irreducible finite-dimensional representation of G having high- 
est weight A = Y^i=i Let z — e 2nlUj be a non trivial element of the center 
Z{G). Then the eigenvalue of z acting on this representation is given by e 27 ' lX ( UJ o) . 

If we write 

1 " 

where {di,...,d„} is the basis of % dual to the basis of fundamental weights 
{ll>i, . . . , io n } i.e. uji(c\j) — 5i t j , and where C is the determinant of the Cartan 
matrix of G, we have that 

1 " 

i—l 

Since the eigenvalue of the central element z is e 27rlA ( w j) ; we are really interested 
in the value of A(cJj-) mod Z, which is uniquely determined by £ z := X)"=i r i m i 
mod C. The values ( z are listed in Table [5] for each non-trivial central element of 
G. By convention, we list the value Q, where z — e 27TZUlj , next to the j th node in 
the extended Dynkin diagram of G. We write 1 next to the extension node since it 
represents the identity of G. 

3. Branching rules and projection matrices 

Reduction of weight systems of irreducible finite-dimensional representations of 
simple Lie algebras to weight systems of representations of their maximal reductive 
subalgebras has been addressed several times in the literature [3j [8j [9j [10]. In 
physics that problem is often referred to as the computation of branching rules. 

The branching rule for L D L , where L' is a maximal reductive subalgebra of 
L, is a linear transformation between Euclidean spaces R™ — !• R m , where n and m 
are the ranks of L and L' respectively. This linear transformation can be expressed 
in the form of an m x n matrix, the projection matrix. A suitable choice of bases 
allows us to obtain integer matrix elements in all the projection matrices we use 
here. The main advantage of the projection matrix method is the uniformity of its 
application as to the different algebra-subalgebra pairs, which makes it particularly 
amenable to computer implementation. 

The projection matrix method, used in [3J El 13 HDL can also be extended to 
compute the branching rules of orbits of Weyl groups W(L) of semisimple Lie 
algebras L. An orbit of W(L) is a finite set of points of R n obtained from the 
action of W(L) on a single point of R n . Weyl group orbits are closely related to 
weight systems of finite-dimensional irreducible representations of semisimple Lie 
algebras. Indeed a weight system consists of many orbits of the corresponding Weyl 
group, a specific orbit often appearing more than once. Which orbits a particular 
representation is comprised of is well known, and extensive tables of multiplicities 
of dominant weights can be found in [11] . Considering the reduction of individual 
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orbits rather than of entire weight systems offers some advantages, one of which is 
computational : while the number weights of a weight system grows without limits 
with the dimension of the representation, the number of points of an individual 
orbit is at most the order of the corresponding Weyl group. When dealing with 
large-scale computation for representations, one often needs to break down the 
problem into smaller ones for individual orbits. Orbit-orbit branching rules are 
computed with the projection matrix method for orbits of W(A n ) in [4] and for 
orbits of W(B n ), W{C n ) and W(D n ) in [S]. 

The projection matrix P for a particular pair L D L' is calculated from one 
known branching rule. The classification of maximal reductive subalgebras of simple 
Lie algebras [TJ [12] provides the information to find that branching rule. The 
projection matrix is then obtained using the weight systems of the representations, 
by requiring that weights of L be transformed by P to weights of L'. Since any 
ordering of the weights is admissible, the projection matrix is not unique. However, 
by ordering the weights of L by levels in a cigar-shaped structure and by doing the 
same with the weights of L' ', the projection matrix obtained is convenient for large- 
scale computation, because dominant weights of L' will always be in the first half 
of the weights found by multiplying the weights of L. Hence the problem is already 
reduced by half. 

The projection matrices we will use in this paper are the ones provided by [1] 
for reductions involving the Lie algebra A n , by [5] for reductions involving the Lie 
algebras B n , C n and D n , and by [3] for the ones involving the exceptional Lie 
algebras. 

4. Discrete centralizers 

Let G be a connected simple Lie group with its corresponding Lie algebra of 
rank n denoted by L. Any maximal regular semisimple subalgebra of L having 
rank n can be realized in terms of the extended Dynkin diagram of L. In fact any 
such subalgebra L', with corresponding subgroup G' , corresponds to the Dynkin 
diagram resulting from deleting one node having prime mark from the extended 
Dynkin diagram of L. Clearly such maximal regular semisimple subalgebras occur 
for all simple Lie algebras except A n (1 < n < oo). Since G 1 is a maximal regular 
semisimple subgroup of G the centralizer Cg(G') of G' in G consists of all elements 
e 2inh wnere h £ H has the property that for all roots ft of the subalgebra L' we have 
e 27™/3(h) = 1 or equivalently j3{h) G Z. It follows that the centralizer is a discrete 
abelian subgroup of the group G. In fact, the centralizer contains the center Z(G) 
of the group G, the center Z(G') of the group G' as well as the group generated 

27T1 - 

by the element e m <=" fc , where ak denotes the deleted node with prime mark 
and LOk is the element of the Cartan subalgebra T~L of L such that ai{ilik) — &i,k for 
all i = 1, . . . , n. This situation could be complicated by the fact that these three 
discrete groups have a non trivial intersection, but the following lemma simplifies 
it. 

Lemma 4.1. Let G be a connected simple Lie group, with corresponding Lie algebra 
L, and G' be a maximal regular semisimple Lie subgroup of G with corresponding 
subalgebra L' . Let ak denote the deleted node from the extended Dynkin diagram of 
G, having prime mark mu- Then 

(i) C G {G')/Z{G) S Z mk and 

(ii) C G (G') = Z{G'). 
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Proof, (i) From the construction of G' from the Dynkin diagram of G, it is clear 
that 

C G (G') = (z(G),Z(G>),e^) 

and that 

Z(G') C (z{G),e^ k ^ . 
By combining those two observations, we thus find 

C G (G') = (z(G),e^ Qk ) 

and we have the first result 

C G (G')/Z(G) £* Z ro , . 

(ii) To prove the second result, it suffices to find an element in the center of G' 
which is not in the center of G. Suppose such an element x exists : 

3a; e Z{G')\Z{G) (x + Z{G)) £* 7L mk 

since Z mfc is a simple group and has no proper subgroup. But from (i) we have 
that 

Z mfc = C G {G')/Z{G) 

and thus find 

Z(G') = G G (G') • 

Now, it remains to demonstrate that such an element x exists in all cases. It is 
easy to see that in all cases except for the D 4 D A\ © A\ © Ai © Ai case, whenever 
a node having prime mark is deleted from the extended diagram of G, a new node 
in the diagram of G' has its mark equal to 1. Hence a new element is added to the 
center of G'. In the D 4 D Ai © Ai © A\ © Ai case, all the remaining nodes after the 
deletion already had their marks equal to 1 in the diagram of G = _D 4 . However, 
the extended node, the ao node, which corresponded to the identity in G = D 4l 
becomes a non trivial element in G' — Ax © A\ © A\ © A\ and so is the element x 
we were looking for. □ 

4.1. Discrete centralizers and representations. Let </>(G) be an irreducible 
finite-dimensional representation of G, acting as a set of linear transformations in 
V^. An element z = e %x of the ccntralizer Gg(G') of G' in G acts on any finite- 
dimensional irreducible representation <fi\(G'), arising during the restriction of a 
representation <j){G) to the subgroup: 

A A 

as a multiple of the identity matrix: 




If z = 1, the eigenvalues k\ are iV-th roots of 1. 

A discrete centralizer Gg(G') is a product of cyclic groups. Hence it consists of 
the elements of G which are of finite order. For our task it suffices to describe just 
one element which generates each cyclic subgroup in the centralizer. More precisely, 
we need to determine the eigenvalues n\ of such elements on every 4>\{G'). 
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We arc interested, within each G-conjugacy class, by its unique element repre- 
sented by a diagonal matrix in every Vj>. A general method of describing diagonal 
representatives of conjugacy classes of elements of finite order in G is found in [13) . 
Here we use it just for the elements of the centralizers. 

Suppose (f>(z) is the diagonal matrix representing the element z = e tx e G in Vf 
Suppose further that V$ is decomposed into the sum of its weight subspaces: 

A" 

Then for any vector v £ V^(/x) we have 

4>(z)v = K^V 

where 

For example, if we take z to be the element e m k k e Gg(G'), then the eigenvalue 
k m can be calculated in the same fashion as in Section 2. If fi = X)T=i m i ixl ii by 
writing Co k in terms of the cVs, we get : 

1 - 

i—l 

where G is the determinant of the Cartan matrix of G, and therefore have that 

//(Wfc) 1 



Again, we are really interested in the value of mod Z, which can be given by 

a congruence equation of the form r^m^ mod m-fcC. 

4.2. Relative congruence classes and branching rules. The decomposition 
of an irreducible representation of L into a sum of irreducible representations of L' 
is known as the branching rule for the pair L D L' . In general, if we start with 
a finite-dimensional representation of G then the elements in the centralizer of G' 
can be used to provide partial invariants for the summands in the branching rule. 
The sets of weights of L on which the centralizer elements take on constant values 
are called relative congruence classes. 

Example 2 below illustrates the use of relative congruence classes in branching 
rules. 

4.3. Explanation of Tables [6] and [3 Tables [6] and [7] present the structure of the 
centralizers and the relative congruence classes for all maximal regular semisimplc 
subalgebras in classical and exceptional simple Lie algebras, respectively. For each 
such algebra-subalgebra pair L D L', with associated groups G D G' , we give the 
structure of the centralizer of G' in G, Gg(G'), which is always a product of cyclic 
groups. 

Since Cg(G') = Z(G'), we give the generators of the centralizer by computing 
the generator of the center of each simple part of the subgroup G' . The embedding 
we choose for our task is the one provided by the corresponding projection matrix, 
which can be found in [5] for the classical cases and in [3] for the exceptional ones. 
As it was discussed in Section 3, this particular choice offers computation efficiency. 
Assume that {ax, . . . , a n } are the simple roots of the simple Lie algebra L and let 
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— ao denote the highest root. A maximal regular semisimple subalgebra L' of L can 
be realized as the subalgebra with simple roots {ao, cei, ■ ■ ■ , a B } \ {oik} where otk is 
a simple root of L with prime mark m^. We saw in Lemma 4.1 that the centralizer 
of G' in G is generated by the center of the Lie group G together with the element 



In order to relate this information in the context of projection matrices we note 
that there exists a Weyl automorphism a of L which transforms the subalgebra V 
to the corresponding subalgebra L" used to produce the projection matrix for the 
branching rule for L D L" . If G" is the Lie group associated with L", it follows 
that the centralizer of G" in G is generated by the center of G together with 

As explained in Subsection 4.1, the eigenvalue of the action of an element of 
Gq{G') on a /i = Y^i=i TO i w i weight subspace is uniquely determined by the value 
of its exponent, which can be given in the form of a congruence equation. In 
Tables |U and [3 for each pair L D L', we provide a generator of the center of each 
simple part of L' as a congruence equation. Furthermore, we give the structure 
of the quotient Cq{G')/Z{G) and an element that generates it. More precisely, if 
Cg(G')/Z(G) = (x + Z(G)), we give the element x, again as a congruence equation. 
That particular equation is really the relative congruence equation, as it provides the 
new partial invariants for the summands in the branching rule. Since the element 

associated to the deleted node ak is certainly a suitable x, we take x to be e™fc°^ w , 
where a is the automorphism corresponding to the projection matrix. 

Note that for all cases where the index k appears in Table for example B n D 
.Bfc © _D n _fc, the inequality k > n — k holds. 

Example 1. Let us consider the case F4 D vl2ffi^2- In this case the simple root 
oil with mark 3 is deleted from the extended Dynkin diagram, where the dotted node 
represents the extension (ao): 



First we determine the Weyl automorphism a , which transforms the subalgebra 
(A2 © A2)' having coroots {do,cii} and {013, a^} to the corresponding subalgebra 
A2 ® A2 used to produce the projection matrix for the branching rule for F4 D 
A2 © A2 . This can accomplished by noting from the projection matrix [3] 

0011 
0210 
1211 
1110 

that 

cr(a ) = a 3+ a 4', f(Q!i) = 2a 2 + Q ! 3; cr(a 3 ) = &1 + 2&2 + a^ + a^; cr{a4) = &i+a2+& 3 . 

Therefore the coroots of A2 © A2 in our chosen embedding are 

{as + &i] 2a2 + 6:3} ; {a\ + 2&2 + A3 + a^; a± + 0.2 + a 3 } . 

Applying the results of Table [3 for A n to the case n — 2, we know that the 
eigenvalue of the action of a generator of Z^A^) on a representation of highest 
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weight /i = m\u>\ + m2Ui2 is given by the congruence equation 

mi + 2m,2 mod 3 . 

In our situation, this information can be easily translated : the eigenvalue of the 
action of a generator of the center of the first A2 on a [i = Y2i=i TO i w i weight 
subspace is given by the congruence equation 

(mz + 7714) + 2(2m2 + TO3) = ni2 + mod 3 . 

Similarly, for the second A2 we find 

(mi + 2to2 + m3 + 7714) + 2(mi + ui2 + mz) = ui2 + nii mod 3 . 

Therefore, if we define a := ni2 + vn,\ mod 3, we have that 

C F4 (A 2 (B A 2 ) = Z 3 = (a) . 

Now, since the center of F4 is trivial, we already know that 

C Fi {A 2 ®A 2 )/Z(F±)^Z 3 = {a}. 

However, let us present a uniform method to compute a generator of the quotient. 
We want to find the action of e~^ L ' y ^ 2 \ First, we compute 

(2)2 = 3di + 6a<2 + 4d3 + 2&4 . 

Since do = — 2di — 3d2 — 2d3 — we conclude that 

o~(a 2 ) — —ct\ — 3d2 — 2^3 — «4 . 

Therefore, by substitution, we have 

o(uj2) = —2a>2 — 3d3 — 26:4. 

From this we have that the action of e^ 1 ' 7 ^ 2 " 1 on a weight /1 — J^Lj TriiUJi is given 
in modular form by 

a : ni2 + mod 3 

and so that 

C Fi {A2®A 2 )/Z(F i ) = 'L s = {a). 

In particular we have the branching rule 

(1, 0, 0, 0) D (0, 0)(1, 1)[0] + (0, 2)(1, 0)[1] + (2, 0)(0, 1)[2] + (1, 1)(0, 0)[0] 

where the term in square brackets is the relative congruence class and is to be 
interpreted modulo 3. 

Example 2. Consider B3 D A3. We know from [5] that the projection matrix for 
that case is 

r> {0 10 
P = 1 



.011, 

and from Table \B\ (from the line B n D D n , n odd, with n — 3) that the relative 
congruence equation is 

a := 2toi + 3ms mod 4 . 
Now consider the branching rule for the irreducible B3 representation with highest 
weight ui\ = (1,0,0). We have : 



CENTRALIZERS OF REGULAR SUBGROUPS IN SIMPLE LIE GROUPS 9 



Weight 


2mi + 3m3 mod 4 


Image under P 


(1,0,0) 


2 


(0,1,0) 


(-1,1,0) 


2 


(1,-1,1) 


(0,-1,2) 


2 


(-1,0,1) 


(0,0,0) 





(0,0,0) 


(0,1,-2) 


2 


(1,0,-1) 


(1,-1,0) 


2 


(-1,1,-1) 


(-1,0,0) 


2 


(0,-1,0) 



Table 1. The irreducible B 3 representation with highest weight (1,0,0). 



and we can conclude that the relative congruence classes split entirely the two rep- 
resentations of A 3 here. The branching rule is 

(l,0,0)D(0,l,0)[2] + (0,0,0)[0] 

where the term in square brackets is to be interpreted modulo 4- 

The same exercise with the irreducible B3 representation with highest weight 
CJ3 = (0,0, 1) gives us : 



Weight 


2mi + 3m3 mod 4 


Image under P 


(0,0,1) 


3 


(0,0,1) 


(0,1,-1) 


1 


(1,0,0) 


(1,-1,1) 


1 


(-1,1,0) 


(-1,0,1) 


1 


(0,-1,1) 


(1,0,-1) 


3 


(0,1,-1) 


(-1,1,-1) 


3 


(1,-1,0) 


(0,-1,1) 


3 


(-1,0,0) 


(0,0,-1) 


1 


(0,0,-1) 



Table 2. The irreducible B 3 representation with highest weight (0, 0, 1). 

and again we can conclude that the relative congruence classes split entirely the two 
representations of A3 . The branching rule is 

(0,0,1)D(0,0,1)[3] + (1,0,0)[1] 

where the term in square brackets is to be interpreted modulo 4- 

The difference in labels in the two cases - and 2 for the first one, 1 and 3 for 
the second - is caused by the fact that these two representations of B 3 belong to 
two different congruence classes : in the first case m 3 = mod 2 whereas in the 
second case m 3 = 1 mod 2. 

5. Continuous centralizers 

The maximal regular reductive subalgebras of a simple Lie algebra L can again 
be easily described in terms of the Dynkin diagram of L. Explicitly any such 
subalgebra arises as the semisimple Lie algebra having its Dynkin diagram given by 
deleting one node of the Dynkin diagram of L having mark equal to 1 direct sum 
with the 1-dimensional subalgebra Ch n consisting of the intersection of the kernels 
of the remaining roots. If denotes the node of mark 1 deleted from the Dynkin 
diagram of L, we observe that the centralizer Cg(G') of G' in G is generated by 
the center Z(G) of G, the center Z{G') of G' together with the rank 1 subgroup 
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U\ := (e l6Cjk | 6 € R). In all cases it is easily verified that the center Z(G') of 
G' is contained in the subgroup Z(G) x U\. The centralizers of maximal regular 
reductive subalgebras separate into two types. Either e 27rluJk generates the center 
of G in which case the centralizer of G' in G is U\ or e 2 ^ lUk generates a proper 
subgroup of Z(G) in which case the centralizer properly contains Ui — in fact, we 
have 

C G (G')/Ui ~ Z(G)/(e 27rli: "=) . 

In some cases this second type of centralizer cannot be expressed as a direct product 
of subgroups. 

The definition of relative congruence classes introduced in Subsection 4.2 is also 
true for maximal regular reductive subalgebras. 

5.1. Explanation of Table [8j Table [8] presents the structure of the centralizers 
and the relative congruence relations for all maximal regular reductive subalgebras 
in classical and exceptional simple Lie algebras, whenever such a subalgebra is 
present. 

For each such algebra-subalgebra pair L D L', with associated groups G D G', we 
give the structure of the centralizer of G' in G, Gg(G'), which is either a continuous 
group of rank 1 or a product, not necessarily direct, of a continuous group of rank 1 
with a finite cyclic group. Furthermore, if L' = L" @H\ and G' = G" xUi,we give 
the modular relations associated with the centers Z(G) and Z(G"), the structure of 
Hi as well as the relative congruence relation provided by the centralizer Gg(G'). 

As we did for the discrete centralizers in Section 4, the embedding of the subal- 
gebra L' we choose for our task is the one provided by the corresponding projection 
matrix, which can be found in O 01 [5] . 

Assume that {ct\, . . . , a n } and {uii, . . . , oj n \ are the simple roots and the funda- 
mental weights of the simple Lie algebra L, respectively. The semisimple part L" of 
a maximal regular reductive subalgebra L' of L (i.e. L' = L" ©Hi) can be realized 
as the subalgebra with simple roots {ai, . . . , a„} \ where a% is a simple root 
of L with mark rrik = 1. We have 

Ui := {e iec "> | 6 G R) 

or equivalently 

H x := C(u> k ) ■ 

In order to present this information in terms of the embedding provided by the 
projection matrix we first note that there exists a Weyl automorphism a of L which 
transforms the subalgebra L" to the corresponding subalgebra V" used to produce 
the projection matrix for the branching rule for L D L'". We can then determine 
the simple roots of L'", with associated Lie group G'", and write them in terms of 
the fundamental weights cjj's. To compute the Hi summand, one only has to find 
the element of the Cartan subalgebra that is in the intersection of the kernels of 
these weights. This in turn provides a relative congruence relation. The net effect 
of all these calculations is that the projection matrix of L D L'" © Hi should be 
written as the projection matrix of L D L'" with an additional row at the bottom - 
when a weight of an irreducible representation of L is multiplied by this projection 
matrix, the last coordinate will yield the relative congruence value for the weight. 
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Now, we know the continuous rank 1 group Ui is contained in the centralizer of 
G'" X U\ in G, because 

C G (G"' x U x ) = (Z(G),Z(G"' x Ui),Ui) . 

And since it is easy to show that 

Z(G"' x Ux) C (Z(G), U\) , 

it remains to determine whether or not the center of G is contained in U% to be 
able to hnally give the structure of the centralizer. 

Example 3. Let us consider the case Eq D -D5 © H%. We first note from [5] that 
the projection matrix for Eq D -D5 is given by 

(0 1 1 1 o\ 
000001 \ 
001000 
000110 / 
110000/ 

(Note that we could use directly the projection matrix for Eq D -D5 © Hi, also 
presented in [5], but we choose to show here the reasoning behind that last line of 
the matrix.) 

Since all of the roots of Eq have the same length we can see that the base of 
simple roots for D§ is given by 

{a2+a3 + Q!4, OtQ, a 3 , 0.4+0:5, ai+a 2 } ■ 

Writing the roots in terms of the fundamental weights of Eq , we get 

{-uji+lu 2 +ui-uj 5 -l}g, -uj 3 +2uj e , -LJ 2 +2u} 3 -UJl-UJ e , -LJz+UJl+Un, 0Jl+UJ 2 -U} 3 } . 

We can determine the element of the Cartan subalgebra that is in the intersection 
of the kernels of these weights by simply solving a homogeneous system of linear 
equations, and we find : 

Hi := C(&i — a 2 + &i — 05) . 
Using Tabled we find that the center of E e is generated by 

e 27ri£i _ e 2fl(4ai+5a2+6Q3+4Q4+2Q5+3a6) 

It follows that the congruence class of an irreducible representation with highest 
weight A = X)j=i m i UJ i * s determined by the value 

mi + 2m 2 + mi + 2ms = mi — m 2 + mi — m§ mod 3 . 
Again from Table [3 we have that the center of D§ is generated by 

e 5fi(2(Q2+a3+Q4)+2a3+3(a4+a5)+5(ai+a 2 )) 

which reduces to the modular condition 

mi + 3m 2 + mi + 3m$ = mi — m 2 + mi — m$ mod 4 . 
Finally we observe that the continuous rank 1 group 

JJ ■— / e i8(a 1 -a 2 +a4-as) I Q g 



is contained in the centralizer of -D5 x Ui in Eq and further that the center of Eq 
is contained in Ui (take — ) and that the center of D5 is contained in Ui (take 
9 = -?■). So we naturally have that the centralizer of x U\ is equal to U\. For 
this embedding the relative congruence condition can be written as 

mi — m 2 + mi — m§ . 
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Note that the effect of having the center of Eq in Ui is that all weights in an 
irreducible Eq representation will yield relative congruence values, i.e. the val- 
ues of mi— TO 2 +m 4 — m 5 , that will be congruent modulo 3. In other words if the 
E 6 irreducible representation has congruence class then all the relative congru- 
ence values on the weights of this representation will be congruent to modulo 3 
(0, ±3, ±6, 

All these calculations imply that the projection matrix of E§ D D§ © Hi should 
be written as the projection matrix of E & D D 5 with an additional row at the bottom 
given by 

( 1 -1 o i -l o ) . 

When a weight of an irreducible representation of Eq is multiplied by this projection 
matrix, the last coordinate will yield the relative congruence value for the weight. 

Now consider the branching rule for the irreducible 27- dimensional Eq represen- 
tation with highest weight u>\ = (1, 0, 0, 0, 0, 0). We have : 



Weight 


mi— m2+TH4- ms 


Image under P 


(1,0,0,0,0,0) 


1 


(0,0,0,0,1) 


(-1,1,0,0,0,0) 


-2 


(1,0,0,0,0) 


(0,-1,1,0,0,0) 


1 


(0,0,1,0,-1) 


(0,0,-1,1,0,1) 


1 


(0,1,-1,1,0) 


(0,0,0,-1,1,1) 


-2 


(-1,1,0,0,0) 


(0,0,0,1,0,-1) 


1 


(1,-1,0,1,0) 


(0,0,0,0,-1,1) 


1 


(0,1,0,-1,0) 


(0,0,1,-1,1,-1) 


-2 


(0,-1,1,0,0) 


(0,0,1,0,-1,-1) 


1 


(1,-1,1,-1,0) 


(0,1,-1,0,1,0) 


-2 


(0,0,-1,1,1) 


(1,-1,0,0,1,0) 


1 


(-1,0,0,1,0) 


(0,1,-1,1,-1,0) 


1 


(1,0,-1,0,1) 


(-1,0,0,0,1,0) 


-2 


(0,0,0,1,-1) 


(1,-1,0,1,-1,0) 


4 


(0,0,0,0,0) 


(0,1,0,-1,0,0) 


-2 


(0,0,0,-1,1) 


(1,-1,1,-1,0,0) 


1 


(-1,0,1,-1,0) 


(-1,0,0,1,-1,0) 


1 


(1,0,0,0,-1) 


(-1,0,1,-1,0,0) 


-2 


(0,0,1,-1,-1) 


(1,0,-1,0,0,1) 


1 


(-1,1,-1,0,1) 


(-1,1,-1,0,0,1) 


-2 


(0,1,-1,0,0) 


(1,0,0,0,0,-1) 


1 


(0,-1,0,0,1) 


(0,-1,0,0,0,1) 


1 


(-1,1,0,0,-1) 


(-1,1,0,0,0,-1) 


-2 


(1,-1,0,0,0) 


(0,-1,1,0,0,-1) 


1 


(0,-1,1,0,-1) 


(0,0,-1,1,0,0) 


1 


(0,0,-1,1,0) 


(0,0,0,-1,1,0) 


-2 


(-1,0,0,0,0) 


(0,0,0,0,-1,0) 


1 


(0,0,0,-1,0) 



Table 3. The irreducible E 6 representation with highest weight (1,0,0,0,0,0). 



and we can conclude that the relative congruence classes split entirely the three 
representations of D 5 here. The branching rule is 

(1, 0, 0, 0, 0, 0) D (0, 0, 0, 0, 1) [1] + (1,0, 0, 0, 0) [-2] + (0, 0, 0, 0, 0) [4] 

where the term in square brackets is the relative congruence class. 
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Finally, we discuss an example where the centralizer of the maximal regular 
reductive subalgebra is of the second type, i.e. where e 27rluJfc generates a proper 
subalgebra of Z(G) in which case the centralizer properly contains U\, 

Example 4. Let us consider the case D4 D Aq®H\. We use directly the projection 
matrix for D4 D A3 (B Hi, that can be found in [5] : 



P 



1100 
0001 
0110 
1010 



Since all of the roots of D4 have the same length we can see that the base of 
simple roots for A3 is given by 

{01+02, CX4, 02+0:3} . 
Writing the roots in terms of the fundamental weights of D4, we get 

We can determine the element of the Cartan subalgebra that is in the intersection 
of the kernels of these weights by simply solving a homogeneous system of linear 
equations, and we find : 

Hi := C(&i + 03) . 
Using Tabled we find that the center of D4 is generated by 

and 

It follows that the congruence class of an irreducible representation with highest 
weight X = y\ —1 miUJi is determined by the values 

7713 + m4 mod 2 

and 

mi + m 3 mod 2 . 
Again from Table [3 we have that the center of A3 is generated by 

g^jp ((&l+0!2)+2a4+3(0!2+Q!3)) _ g ^f 1 (&1 +4&2 +3&3 +2&4) 

which reduces to the modular condition 

mi + 3m3 + 2m,4 mod 4 . 
Finally we observe that the continuous rank 1 group 

Ui -.= (e ie{&i+&:i) \6emS 

is contained in the centralizer of A3 x Ui in D4 and further that the center of A3 
is contained in Z(D<i) x Ui (take e 2 ^ 11 ^ 1 and 9 — -?■). However, the center of D4 
is not contained in U\ : instead, we have that Z(Dn) C\Ui is a proper subgroup of 
Z(Dii) that yields the modular condition 

mi + 7713 mod 2 . 

In short, we know that 

C D4 (A 3 x Ui) = (Z(D 4 ),Ui) 

and that 

Z(D 4 ) £3 Z 2 x Z 2 , 



14 



M. LAROUCHE, F. W. LEMIRE, AND J. PATERA 



and thus using the fact that 

z(D 4 ) nu!=z 2 , 

we find that 

C Di (A 3 xU 1 )^U 1 xZ 2 . 
For this embedding the relative congruence condition can be written as 

mi + m 3 , 

which coincides with the last line of P. 

Note that the effect of not having the center of D4 contained in U\ is that knowing 
the relative congruence value does not tell us which congruence class we are dealing 
with. For example the modules with highest weights (1,0,0,0) and (0,0,1,0) will 
both have odd relative congruence labels but these two modules are in different con- 
gruence classes - m 3 + 1184 = mod 2 for (1, 0, 0, 0) ; and m 3 + = 1 mod 2 for 
(0, 0, 1, 0) - and hence their weight spaces must be distinguished by the action of the 
whole centralizer. However when trying to reduce a representation of D4, the only 
information that can help splitting the A 3 representations is the relative congruence 
condition. 

Let us consider the branching rule for the irreducible 8-dimensional D4 repre- 
sentation with highest weight uj\ = (1,0,0,0). We have : 



Weight 


m\+mz 


Image under P 


(1,0,0,0) 


1 


(1,0,0) [1] 


(-1,1,0,0) 


-1 


(0,0,1)[-1] 


(0,-1,1,1) 


1 


(-1,1,0)11] 


(0,0,-1,1) 


-1 


(o,i,-i)[-i] 


(0,0,1,-1) 


1 


(o,-i,i)li] 


(0,1,-1,-1) 


-1 


(1,-1,0)1-1] 


(1,-1,0,0) 


1 


(0,0,-1)11] 


(-1,0,0,0) 


-1 


(-i,o,o)[-i] 



Table 4. The irreducible D4 representation with highest weight (1,0,0,0). 

and we can conclude that the relative congruence classes split entirely the two rep- 
resentations of A 3 here. The branching rule is 

(1,0,0,0) D (1,0,0)[1] + (0,0,1)[-1] 

where the term in square brackets is the relative congruence class (and the value of 
the Hi term). 

Finally, the branching rule for the irreducible 28- dimensional D4 representation 
with highest weight cj 2 = (0,1, 0, 0) is 

(0, 1,0,0) D (1,0,1)[0] + (0, 1,0)[2] + (0, l,0)[-2] + (0,0,0)[0] . 

We have here an example where the representation of A 3 corresponding to a fixed 
eigenvalue is not be irreducible : the A 3 representations with highest weights (1,0, 1) 
and (0,0,0) share the same relative congruence label [0]. 
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Figure 1. The Dynkin numbering of the extended diagrams with marks. 
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Center = Z n+1 
Generator: exp 2iriuJi 




n(mi + 2m,2 + • • • + nm n ) modn + 1 

(rt— l)(mi + 2m2 + ■ ■ • + nm n ) modra+1 

2(mi + 2m2 + • • • + nm n ) modn + 1 

mi + 2rri2 + • ■ • + nm n mod n + 1 



B n 

Center = Z 2 
Generator: exp 27rid>i 




m n mod 2 



c n 

Center = Z 2 
Generator: exp27riw„ 

mi + m.3 + rri5 + . . . mod 2 



For n even: Center = Z 2 x Z 2 
Generators: exp27r«wi, exp 27nd)„ 



For n odd: Center = Z4 
Generator: exp27riw„ 



m n _i + m n mod 



2mi + 2m-3 + ■ ■ ■ + rtm n _i + (n— 2)m„ mod 4 
2mi + 2ni3 + • ■ ■ + (n— 2)m n _i + nm n mod 4 




mi + 2m2 + 014 + 2ms mod 3 

Center = Z3 
Generator: exp 27ria)i 

2mi + m,2 + 2m4 + ms mod 3 



) ir»4 + mg + m7 mod 2 

E 7 

Center = Z 2 
Generator: exp 277za) 6 



Table 5. Eigenvalues of central elements z = exp27ria>j on an 
irreducible representation of highest weight A = Ym=i m * £ * ; *- 
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L 3 L' 




Cg(G') 
Z(G) 


B 2 D A 1 e Ai 


Z 2 x Z 2 = (a, 6) 


z 2 


Ai 


a : mi + m 2 mod 2 


a 


M 


fe : mi mod 2 


B„ 3 B„_ 2 Ai Ai 


Z 2 x Z 2 = (a, 6) 


Z 2 


B„_2 


a : m n mod 2 


6 


Ai 


fe : m n _2 + m-n-l + m n mod 2 


4, 


ci-|-fe ; vriji — 2 "I - ^^n — 1 mod 2 


I~> — * A /T\ A 


&4 = (a) 


Z2 




2ct ; 7724 mod 2 




a 3 


a : 2mi + 3m,4 mod 4 


B n D -tfn-3 © ^3 


&4 = \a) 


Z2 


£>n— 3 


2ct ; ^Tin mod 2 




a 3 


a : 2m„_4 + 2m„_3 + 3m„ mod 4 




(ra odd) Z4 = (a) 


Z 2 


On 


a : 2m\ + 2m% + ■ ■ ■ + 2m n _2 + nm n mod 4 


a 


Bn 3 B n 


(n even) Z 2 X Z 2 = (a, 6} 


Z2 


Bn 


a : mi + 7713 + ■ ■ • + m n -i + ^m n mod 2 
and fe : m„ mod 2 


a 


B n D D n _l Ai 


(n odd) Z 2 X Z 2 = (a, b) 


Z 2 


B n _i 


a : mi + m.3 + ■ • ■ + m n -2 + m„_i 
+ m n mod 2 and 6 : m n mod 2 


a 


Ai 


fe : m n mod 2 


B n D B n -1 Al 


(n even) Z4 = (a) 


Z 2 


B n _i 


a : 2mi + 2m,3 + ■ • ■ + 2m n -3 + (n — l)m„ mod 4 


a 


Aj 


2a : m„ mod 2 


B n 3 B fc ffi B n _ fc 


(n — k even) Z 2 X Z 2 = (a, fe) 


Z 2 


Bfc 


a : m n mod 2 


6 


B„_fc 


(n-fc-4)/2 

a and 6 : ^ (»™2fc-n+4i+2 + ™-2fe-n+4i+3) 
i=0 

+m„_2 + m n _i + ^-^m-n mod 2 



Table 6. Discrete centralizers and relative congruence classes of 
irreducible representations of the classical simple Lie algebras. 
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LDL' 


C G (G') 


Oq(G') 
Z(G) 


B n 3 Bk ffi -D n _fc 


(n — k odd) Z4 = (a) 


z 2 




2a : m„ mod 2 


a 


n 


(ra-fc-3)/2 

a: ^2 2( m 2k-n + ii + 2 + m 2k-n+4i + 'i) 
i=0 

+ (n — k)m n mod 4 


B n 3 Dfc ffi B n _k 


(n, fe odd) Z4 = (a) 


Z 2 


D k 


(2fc-n-3)/2 
a : 2m 2l+ i 
i=0 

(n-fc-2)/2 

+ ^ 2( m 2k-n + 4j + m 2k-n + 4j + l) 
3=0 

+km n mod 4 


a 


B n -k 


2a : m„ mod 2 


B n D D k ffi _B„_ fe 


(n even, fc odd) Z4 = (a) 


Z 2 


£>fc 


(2fc-n-2)/2 
a : 2J 2m 2l+ i 

i=0 

(n-k— 3)/2 

+ ^ 2(m 2 fe_ n +4j+2 + m 2 k-n+ij+3) 
3=0 

+km n mod 4 


a 


B n -fc 


2a : m„ mod 2 


-B„ D -Dfc ffi B n -k 


(n, A: even) Z2 X Z2 = (a, b) 


Z 2 


D k 


(2fc~n-2)/2 

a : m n mod 2 and b : W2i+i 

i=0 

(n-fc-2)/2 

+ ^2 ( m 2k-n + ij + 2 + m 2k-n+4j + :i) 
3=0 

+ |m„ mod 2 




Bn-k 


a : m n mod 2 


Bn 3 Dk ffi Bn-k 


(n odd, A: even) Z2 X Z2 = (a, 6) 


Z 2 


D k 


(2fc— n— 3) /2 

a : m n mod 2 and b : "i2i+i 

i=0 

(n— k-l)/2 

+ ^ ( m 2fc-n+4j + m 2k-n+ij + l) 
3=0 

+f m n mod 2 




Bn-k 


a : m n mod 2 


Cn C n _i ffi ylj 


(n even) Z 2 X Z 2 = (a, b) 


Z 2 


Cn-l 


a:mi+ + ■ ■ • + m n — 1 + "in mod 2 


a 


A! 


b : m n mod 2 



Table El (continued) 
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L D V 


Cg(G') 


Oq(G') 
Z(G) 


Cn 3 Cn — 1 © 


(n odd) Z 2 X Z 2 = (a, 6) 


z 2 


C n _i 


a : mi + 7713 + ■ ■ ■ + m, n _ 2 mod 2 


a 


Ai 


6 : m n mod 2 


Cn D Cfc © C n — k 


(n, fe odd) Z 2 x Z 2 = (a, 6) 


Z 2 




(2fc-n + l)/2 

a : 22 m 2i-l 

i=l 

(n-fc)/2 

+ ( m 2fc-n+4i-i + rn 2 k- n +4j) mod 2 

3=1 


a 




(n-*)/2 

o ■ / , (.f^fe— n4-4j— 2 -f- m2k—n+4j — l ) moaz 

3 = 1 


On Cfc © C n — k 


(n, fe even) Z 2 X Z 2 = (a, ft) 


Z 2 




(2fe-n)/2 
i=l 

(n-fc)/2 

+ ( m 2fc-n+4j-3 + m 2fc-n+4j-2) mod 2 
3 = 1 


a 


C n —k 


(n-fc)/2 

6: 2J (m2fc-n+4j-2 + m 2 k-n+4j-i) mod 2 

3=1 


Cn 2) Cfc © C n — k 


(n even, fc odd) Z 2 X Z 2 = (a, ft) 


Z 2 


c\ 


(2fc-n)/2 

a : ^ m 2i _i 
i=l 

(n-fc + l)/2 

+ ]^2 ( m 2fc-n+4j-3 +m 2fe _ n+4j _ 2 )mod2 

3 = 1 


a 


Cn — k 


(n-fc-l)/2 

ft: ^ ( m 2fc-n+4j-2 + m 2fc-n+4j-l) 
3=1 

+m n mod 2 


Cn 3 Cfc © Cn — k 


(n odd, A; even) Z2 X Z2 = (a, ft) 


z 2 


Ck 


(2fc-n + l)/2 

a : 22 m 2i-l 

i=l 

(n-fc-l)/2 

+ 22 (m 2 k- n +4j-l +m 2fe _ n+4j )mod2 
3=1 


a 


Cn — k 


(n-fc-l)/2 

ft: 2^ (m 2fc _ n+ 4j_ 2 + m,2k~n+4.j-l) 
3=1 

+m n mod 2 



Table El (continued) 
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L D L' 


C G (G') 


Cg(g') 




£j2 X ^2 ^ ^2 — \**3 "j C; 


£i2 


Ai 


a : 777,2 + 7713 mod 2 




Ai 


b : ni2 + rri4 mod 2 




Ax 


c : mi + 7772 + rri3 + 7714 mod 2 




/t „ 


a+&+c : vri\ -f- ?772 mod 2 




7") - -\ 7~i _ g> /I , go 4 . 
-L^n -J J-Jn — 2 fcb ^-1 q7 ^1 


\ il e veil j £j2 * ^2 X ^2 — ™i Cy 


^2 




a : mi + m3 + ■ ■ ■ + m„_ 5 + m n _2 + ^m n -i 






+(1 + § )m n mod 2 


a 




and : m n _i + m n mod 2 




Ai 


c : m n _3 + m n _2 + m„-i + m n mod 2 




Al 


6+c : m n _3 + m n _2 mod 2 




d„ d d„_ 2 e Ai e Ai 


(n odd) Z 4 X Z 2 = (a, &) 


Z 2 




a : 2mi + 27713 + ■ ■ ■ + 2m„_4 + 2m„_3 






+nm n _i + (n — 2)m n mod4 


a 


Ai 


b : m n -z + m n _2 + m n _i + m n mod 2 




Ai 


2a+b : m n — 3 + m n _2 mod 2 




As 3 A 3 © A 3 


Z 4 x Z 2 = (a, a+b) 


Z 2 


A3 


a : 2m,2 + 2ms + 7775 + 3mg mod 4 


a 




b 1 2ttii -f- 2/712 ~t~ 37775 -f- 37775 mod 4 




D n D D n _ 3 © A 3 


(n even) Z4 X Z2 = (a, a+fr) 


Z 2 


B„-3 


a : 2mi + 27773 + ■ ■ • + 2m„_7 + 2m n _4+ 
2m„_ 3 + (n - l)m n _i + (n + l)m n mod 4 


a 


A3 


b : 2m„_5 + 2m n -4 + 3m„_i + 3m„ mod 4 




3 D n - 3 © A3 


(n odd) Z 2 X Z 4 = (a, b) 


Z 2 


Dn-3 


a : mi + 7713 + ■ ■ ■ + m n -6 + «7 n _ 5 + 777„-2 
+ 2f±7n„_i + 2±im„ mod 2 
and 2b : m n _i + m n mod 2 


a 


A 3 


6 : 2m„_5 + 2m n -4 + 3m„_i + 3m„ mod 4 
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LDL' 


C G (G') 


Cg(G') 
Z(G) 


D n ^D k ® D n _ k 


(n, k odd) Z 4 X Z 2 = (a, b) 


z 2 




(2fe-n+l)/2 
a : 2J 2m 2i-l 

i=l 

(n — fe — 2)/2 

+ ^ 2(m2fe_n+4j-l + m 2fe-n + 4j) 
3 = 1 

+fc(m n _i + m n ) mod 4 


a 


D n -k 


2a : m n _i + m n mod 2 and 
(n— fc-2)/2 

b " ? ( ?77,o i, „ i A A r\ 4- 777,0 1, „ i i ■ i ] 
3=1 

+m n _ 2 + "~jp 2 TO„_i + 1L ^m n mod 2 


D n ^D k ® D n _ k 


(n, fc even) Z2 X Z2 X Z2 = (a, b, c) 




iJ k 


(2fc-n)/2 

a : ?n n _ 1 + Tn n mod 2 and b : ^ * ^2i — 1 

fn— fc) /2 

+ ( m 2fc-n + 4j-8 + "l2fc-n + 4j-2) 
3=1 

+ |(m n _i +m„)mod2 


b 


D„- k 


a : m n —i + m n mod 2 and 

(n-fc-2)/2 

" j ( m U m \ A A -\- Til m 1 A A 1 1 

3=1 

+m„_ 2 + "'^~ 2 m n _i + ^nin mod 2 


D„ D D k © D n _ fc 


(n even, k odd) Z4 X Z2 = (a, a+b) 




D k 


(2fe-n)/2 

a : ^ 2m 2 j_i 

i=l 

(n-fc-l)/2 

+ ^ 2(m 2 ft_ n 4-4j-3 + m 2fc-n+4j-2) 
3=1 

+fc(m n _i +m„)mod4 


a 


D„- k 


(n-fc-l)/2 

b: 2^ 2(m 2 k-„+4j-2 + ra 2 k-n+4j-l) 
3=1 

+(n— fc— 2)m n _i + (n—k)m n mod 4 
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LDL' 


C G (G') 


C G (G') 
Z(G) 


D n D D k ®D n _ k 


(n odd, k even) Z2 X Z4 = (a, b) 


z 2 


D k 


(2fc-n+l)/2 






i=l 

(n-fc-l)/2 

+ 2J (»Tl2fc-n+4j-l + m 2fc-n+4j) 
3=1 


a 




+ ^(m„_i + m„)mod2 and 2b : in n —i + m n mod 2 




D n -k 


(n-fc-l)/2 

^ : 2 ( m 2fc-n+4j-2 + m 2fc-n+4j-l) 
3=1 

+(n— A;— 2)m n —i + (n—k)m n mod 4 
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L 3 L' 




Cg(G') 
Z(G) 


e & d a 5 © Ai 


Z 6 = (a) 


Z 2 


A 5 


a : 4mi + 5m2 + 3m3 + 777 4 + 27775 + 3rrte mod 6 


3a 


Al 


3a : 1712 + fns + + mod 2 




Be 3 A2 © A2 © A2 


Z 3 x 7Lz = (a, b) 


Z3 


-42 


a : mi + + rriQ mod 3 




-t2 


6 : 2/712 © 7714 © 7775 © 2/776 mod 3 





A 2 


2a+6 : 2m 1 + 2/772 + m 4 + mg mod 3 




B 7 D A 5 © A 2 


Z 6 = (a) 


Z3 


A 5 


a : 2/772 + 7714 + 47775 + 3/776 + 57777 mod 6 


a 




2a : 2/772 © 7774 © 7725 © 2/777 mod 3 




B7 3 A-j 


&4 = (a) 


Z2 




a '. < 1tti\ © 2/722 © 7774 © 7776 © 3/717 mod 4 


CL 


Er D D 6 (B Ai 


^2X^-2 = (a, o) 


Z2 




a : 7772 © 7773 © 777e mod 2 and 
u . //t 4 ^ ''^e r //J7 moo 




Ai 


a©6 : 7772 © 7773 © 777 4 © 7777 mod 2 




Ro ~"i Do 
7^8 _j 


IL>2 — \t7/ 


il>2 




Li . ii l\ 1 112 t ' ' <-5 ''to moo £i ^dlld U II1UO Zi J 




Bs 3 A 8 


£ 3 = (a) 






CL '. 7771 © 777 4 © 2/776 © 2/777 © 7778 mod 3 


a 


i?8 3 Et ffl Ai 


Z 2 = (a) 


%2 


B 7 


a : 7775 + rns mod 2 


a 


4-, 


a : 7775 © 7778 mod 2 




B 8 D A 4 © A 4 


Z 5 = (a) 


Z5 


A 4 


a : mi + 3/772 + 7773 + 4/776 + 4/777 + 2/778 mod 5 


a 


A 4 


3a : 3/Tii + 4/7/2 + 3t/73 + 2t/76 + 27777 + TU8 mod 5 




E s D B 6 © A 2 


Z 3 = (a) 


Z 3 


B 6 


a : 7773 + 2/717 + "78 mod 3 


a 


A 2 


a : 7773 + 27717 + m 8 mod 3 




G 2 D Ai © Ai 


%2 = (a) 


Z 2 


Ai 


a : mi + "72 mod 2 


a 


Ai 


a : mi + 7772 mod 2 





Table 7. Discrete ccntralizers and relative congruence classes of 
irreducible representations of the exceptional simple Lie algebras. 
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L D L' 


Cg(G') 


Cg(G') 
Z(G) 


G 2 D A 2 


Z 3 = (a) 


Z 3 


A 2 


a : m 2 mod 3 


a 




Zq — (a) 




A 2 


a : m 2 + ni4 mod 3 


a 


A 2 


a : m 2 + ni4 mod 3 


F 4 D Bi 


TL 2 = {a) 


Z 2 


B± 


a : m 3 + m,4 mod 2 


a 


F 4 dC 3 ® Ax 


TL 2 = {a) 


TL 2 


c 3 


a : m 2 + mod 2 


a 


Ai 


a : m 2 + m,4 mod 2 
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A n D A k A n _ k _! e Hi 


Cg(G') Hi x Z(A n ) 

C G (G')/Ui ^Z d , d = gcd(k+l, n+1) 


Z(A n ) 


mi + 2m2 + ■ ■ ■ + nm n mod (n+1) 


Z(A k ) 


mi + 2m2 + ■ ■ ■ + femfc mod (fc+1) 


Z{A n _ k _ x ) 


m k+2 + 2mfc_|_3 + ■ ■ ■ + (n— k— l)m n mod (n—k) 


Hi 


/ fc+1 n-fc-l \ 
V i=l i=l / 


Relative congruence relation 


fc+1 n-fc-l 
(n-fe) ^ im, + (fc+1) (n-k~i)m k+1+i 
i=l i=l 


B„ D B n i ©Hi 


Cg(G') Hi 


Z(B n ) 


m„ mod 2 


Z(Bn-l) 


mn mod 2 


Hi 


Ci (&„) 


Relative congruence relation 


m n 


t C n DA n _i©Hi 


Gg(G') Hi 


Z(C n ) 


mi + m 3 + ■ ■ ■ + m 2 jn + ij 1 mod 2 


Z{A n _ x ) 


mi + ti>3 + ■ ■ ' + m 2 p + ij t modn 


Hi 


Ci (di+Q 3 + --- + d 2[Ii ±i ] _i) 


Relative congruence relation 


mi +m3 H + to r „ + i. 




In even) Cr<(d'\ — Hi X Z-> 


Z{D n ) 


m n -i + m n mod 2 and 
mi + TO3 + ■ ■ • + m n _3 + (l+2-)m n _i + ^m n mod 2 


Zj [Sin-l ) 


mi + m3 + ■ ■ ■ + m n — 3 + (l+^)m n _i + ^m n modn 


Hi 


Ci (ai + d3 H 1- d„_i) 


Relative congruence relation 


mi + mj H h m„_i 


, D„DA„-i®Hi 


(nodd) C G (G') = Hi 


Z(D n ) 


2mi + 2m3 + ■ • ■ + 2m n _2 + (n— 2)m n _i + nm n mod 4 


Z(A„_i) 


mi + m 3 + ■ ■ ■ + m n _ 2 + ^rrin-i + 2±im n modn 


Hi 


Cj (2di + 2d3 + ■ • ■ + 2a n -2 — d„_i + a„) 


Relative congruence relation 


2mi + 2m3 + ■ • • + 2m n _2 - m„_i + m n 



Table 8. Continuous ccntralizers and relative congruence classes 
of irreducible representations of the simple Lie algebras. 



CENTRALIZERS OF REGULAR SUBGROUPS IN SIMPLE LIE GROUPS 27 



D„ D D„ i 95 Hi 

n — ' ii — J. w _i 


(n even) Cq(G') = Ui X Z 2 


7,(71 \ 


1 1 l/fl — 1 ' ' "TL IIRJU ^ tt 11LI 

mi + m 3 + • ■ • + m n _3 + (l+~)m n -l + ^-m n mod 2 


7(71 1 1 


9rn i 1 V'm o 1 . . . 1 O^ryi o 1 f in 1 i [ yri -i 1 im \ m r\r\ f* 

-in j -|- ^//tj -|- -|-z//t77,_j -|- t -Lyv'''" fl— 1 ' iit>n } muu ft 


11 1 




Relative congruence relation 


T7T „ 1 TIT, n 


D n ~1 Dr. 1 ffl Hi 


(n odd) Cr(G') — Ui x Z(D„) 
C G (G')/t/i ^ 2 


^ \ J - / n y 


2/7ii -f- 2?Ti3 "f - ■ ■ ■ © Qtviji 2 © — 2)?72^ i © Tiiriji mod 4 




Tn n i -)- ( . mod 2 and 

mi + m;j + ■ • ■ + m n _2 + "g 1 (m n _ i + m n ) mod 2 


Hi 


C| (<i„-l - a n ) 


Relative congruence relation 


m n -i — m n 


E 6 D D 5 © Hi 


C G (G') =* l/i 


Z(E$) 


7711 — 772 o ~~h 7714 — 777, 5 mod 3 


Z(Dz) 


mi — 7712 H~ m 4 — m 5 mod 4 


Hi 


(ai — OL2 + «4 — ^5) 


Relative congruence relation 


7711 — 7772 + 7774 — 7775 


E 7 D E 6 © Hi 


C G (G') Si C/i 


Z(B 7 ) 


m,4 + mg + r«7 mod 2 




m.4 + rrag + mr mod 3 


Hi 


C| (&4 + "6 + A7) 


Relative congruence relation 


m4 + ma + mr 



Table [H (continued) 
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